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SIR metapopulation model:
markovian mobility
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SIR metapopulation model:
markovian mobility

What can | do with that?

- analytical understanding
- spatial propagation & predictability
- global invasion threshold

- computer simulations



spatial propagation
Dynamics of spatial spread above the epidemic threshold
An epidemic starts in a given city i how does it spread to j, h, etc.?

seeding time (o arrival time), 1 time of arrival of the first case in patch j

seeding®

p traveling probability from i toj
I(?) infectious in i
probability that an infectious arrives in j at time t:

{1 —(1- p)I(t dt)}

[Gautreau et al JTB 2008]



spatial propagation
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probability that an infectious arrives in j at time t: {1 — (1 — p)I(t dt)}

probability that the first infectious arrives in j at time t:
t—1

P (tseeding — tdt) — H(l L p)I(S dt) < |:1 L (1 . p>l(t dt)j|

s=1
‘p%()

P (tseeding — t) = p[(t)e_p [ I(s)ds

[Gautreau et al JTB 2008]



spatial propagation
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Gumbel distribution
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a [Gautreau et al JTB 2008]



spatial propagation
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chain of identical cities (population N traveling weight p):

15

<tseeding,i> - <tseeding,i—1> = A, 10

<tseeding,r) = Z A,
i=1

A (A)

A; are correlated and not identically distributed.

0
Dimensional analysis: aA = F [2]
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The simple approximation (A) = <tseeding ) is not so bad!

10

[Gautreau et al JTB 2008]




spatial propagation: spreading
pathways

{seeding, ;) = o In(p;a)

{seeding, n = o In(p;pa)

effective distance
betweeniandj
In(p;;)

[Brockmann, Helbing, Science
2013]

good news: existence of pathways !
risk assessment analysis, ...

. <
[Colizza, et al PNAS (2006)]

[Brockmann Lab, http://rocs.hu-berlin.de/Droiects/hidden/index.html]


http://rocs.hu-berlin.de/projects/hidden/index.html%5D

spatial propagation: spreading
pathways

numerical simulation of a global outbreak

1 stochastic simulation:

Feb 2007 May 2007 Jul 2007 Dec 2007 Feb 2008 Apr 2008
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[Colizza, Barrat, Barthelemy & Vespignani, PNAS (2006)]



spatial propagation: spreading

path
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[Colizza, Barrat, Barthelemy & Vespignani, PNAS (2006)]



spatial propagation: travel
restrictions

| reduce the traffic with the epidemic origin: is it effecting in containing or
delaying the propagation?

| rescale the traveling probability of a factor @
1
(tseeding, T.R.) = B In(wpa)

1 1
<tseeding, TR~ <tseeding> = In(wpa) - B In(pa)

= l In(w) + — In(pa) — — In(pa)
7) a a

— — In(o)
a

[Gautreau et al JTB 2008; Hollingsworth et al Nature Med 2006; Scalia Tomba et al Math Biosci 2008]



spatial propagation: travel
restrictions

i Pasajeros transportados en operacién regular internacional
| 2008-2009
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H1N1 pandemic 2009

- drop of 40% in the air-travel to/from
Mexico
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- simulations with a global spreading
model for influenza show negligible
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SIR metapopulation model:
markovian mobility

What can | do with that?

- analytical understanding
- spatial propagation & predictability
- global invasion threshold

- computer simulations



SMICS

TABLE 1
Mean Daily Number of Airline Passengers between Modeled Cities during the 19681969 Influenza Pandemic

d
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52 major cities: spread of 1968 -1969 H3N2 pandemic from Hong Kong

[Rvachev, Longini, Math. Biosci. 1985]



GLEaM: Global epidemic and mobility
model

population layer s short range mobility layer — long range mobility layer
-- Census areas -- commuting o -- air travel

airports

Population Distribution Commuting Network World Airport Network
» resolution 15'x15" arc = census data for >40 = 3362 airports in 220

» data source: SEDAC countries in 5 continents countries

(Columbia University) » different admin levels " 16842 connections with

= tessellation: geographical = change of resolution travel flows

census areas scale: from admin = more than 99 % of the

boundaries to geo census  global commercial traffic
[Balcan, Colizza et al. PNAS (2009)]  9M€a> " data source: IATA, OAG



GLEaM: Global epidemic and mobility
model

__ symptomatic
infectious (no travel)

symptomatic

infectious (travel)

Infectious
[ |
HINT pandemic: (o
p . \Suscept|ble infectious (travel)

LATENCY PERIOD

~_symptomatic
infectious (no travel)

asymptomatic
Infectious

INFECTIOUS PERIOD

| |
Eh 0 la u Transition Transition rate
A
(S,E) — (S-1, E+1) (BrSI + BgSH+BESF)/N
(E,I) — (E-1, I+1) alB
(LH) — (I-1, H+1) YrO11
(H,F) — (H-l, F+1) '7dh62H
(F,R) — (F-1, R+1) v F
(LR) — (I-1, R+1) ~vi(1 —01)(1 —01)1
(I,F) — (I—]_, F+1) 61(1 = 01)’701:[ \_
(H,R) — (H-1, R+1) vin(1 — d2)H



SIR metapopulation model in a
different regime: commuting

The Markovian assumption works well as long as

- travels are not frequent, i.e. traveling rate negligible with respect to the
epidemic time scales p; <

- we want to model the short term dynamics of an epidemic
Situations for which this holds in first approximation:

- air-travel and acute infections. E.g. for flu: traveling rate= 10-3 days-'vs. recovery
rate> 0.1 days)

- early spread of a flu pandemic. It does not work well if | want to model the long
term continuous circulation



SIR metapopulation model in a
different regime: commuting

The Markovian assumption works well as long as

_ travels aTeTresfaguent, i.e. traveling rate nagherseWith respect to the

epidemic time scalaspr=—T,

- we want to model the short term dynamics of an epidemic
Situations for which this holds in first approximation:

- air-travel and acute infections. E.g. for flu: traveling rate= 10-3 days-'vs. recovery
rate> 0.1 days)

- early spread of a flu pandemic. It does not work well if | want to model the long
term continuous circulation



SIR metapopulation model in a
different regime: commuting

In general treating mathematically the interplay between mobility and

transmission is very difficult. The problem can be solved in time scale
separation:

either

the epidemic unfolds faster than mobility (air-travel and flu: traveling
rate= 10-3 days' vs. recovery rate> ~0.1 days")

or

mobility faster than the epidemic (air-travel and flu: traveling rate= 103
days'vs. recovery rate= ~0.5 days")



SIR metapopulation model with
memory

city i city j
i
individuals resident in i

individuals resident in j

0, leaving rate, fraction of commuters
p returning rate (p~! = v ~ 8h)

N; = N,(1) + Z N(?) resident in i, constant
J

N,(1) individuals resident in i and traveling to j

[Sattenspiel, L. & Dietz, K. Math. Biosci. 128, 71-91 (1995);
Keeling, M. J. & Rohani, P. Ecol. Lett. 5, 20-29 (2002)]



SIR metapopulation model with
memory

ij
individuals resident in i

individuals resident in j

Oji

0, leaving rate, fraction of commuters

p returning rate (p~! = v ~ 8h)

N; = Ny(o) + Y Ny(0)

J
ON; == D oyNy(t)+p D Ny(t)
J J

O.N.. = Z 6N — oN.(t
1=y . Y ”( ) P ’J( ) [Sattenspiel, L. & Dietz, K. Math. Biosci. 128, 71-91 (1995);
J

Keeling, M. J. & Rohani, P. Ecol. Lett. 5, 20-29 (2002)]



SIR metapopulation model with
memory

differential equations

ON; == Y Ny +p ) Ny
J J
0Ny = Z 0,iN;(t) — pN;i(1)
J

solution
ON,(t) + (p + 0))N;,(t) = N;p N; = N;(t) + Z Nij(l‘)
; J
Ni(t) = e~ C;+ Nip L et ds 0= 2.0
J

N. N.
N (1) = i + | N,0) - l o —P(1+o/p)t
1 +o0/p 1 +0;/p

o;Nilp oy N,
N.(t) = J Yy <]V”(O) _ i )e—p(1+al/p)t+

v 1 +O'l'/p O; 1 +O'i/p
_ o;Nilp oy N, _
+ N0 = = — | N0 = | | e
1+O'l'/p O; 1+Ul/p

[Sattenspiel, L. & Dietz, K. Math. Biosci. 128, 71-91 (1995);
Keeling, M. J. & Rohani, P. Ecol. Lett. 5, 20-29 (2002)]



SIR metapopulation model with
memory

differential equations

ON; == Y Ny +p ) Ny

solution

N, N f f
N.(1) = T o/p + (N”(O) ~7 " 0-/p> o—P(+olp)t 0N, = Z O'ijNii(t) _ pNij(t)
l 1 ]
N A(t) = il _ Ty N.(0) — Ni e—P+ailp)ty N; = Ni(1) + 2 N;i(1)
v 1 + Gi/p O; . 1+ Gi/p J
[ m Gl — Gl
Gijzvi/p Gij ]Vl ; J
+ [ Ny(0) - —— | N, 0) - e
l+0;/p o 1 +o0;/p

time of relaxation to the equilibrium dominated by

-1
[p(l + O'i/p)] ~p =1 since p> o;

Equilibrium solutions:

N. o.:N./p
Nii(t)=1+l/ Nij(f)=1l]l/
Oilp T oilp [Sattenspiel, L. & Dietz, K. Math. Biosci. 128, 71-91 (1995);

Keeling, M. J. & Rohani, P. Ecol. Lett. 5, 20-29 (2002)]



SIR metapopulation model with
memory

Equilibrium solutions:

city i city j
]Vi O-i']\]i/p O;;
N;(1) = Ny(1) = — ’
1 +0;lp T 4 alp
People resident in i
N; = Ny + Y Ny
j Oji

People present in i individuals resident in i

N, Niojilp
N* = N, + ;NJ-,- -1 ; oip individuals resident in ;

[Sattenspiel, L. & Dietz, K. Math. Biosci. 128, 71-91 (1995);
Keeling, M. J. & Rohani, P. Ecol. Lett. 5, 20-29 (2002)]



SIR metapopulation model with
memory

Equilibrium solutions:
Niojilp

N;
N=N0+ Y N N7 t T
j J

6. N/ p
B 1 — Ui/p F

N.(f) ]vz N i Vi
i\l) = i\1) =
1 +0,/p () 1+o0/p

o;/p quantify the ratio of time spent outside and in the residence population

Simple limit cases:
o,>0 = N —> N; Nyt) - 0; N* > N; people rarely leave their residence
thus the population of non traveling approaches the population of resident

p—> oo = Nyt) > N; Ny®) - 0; N* - N; people return home immediately thus
the population of non traveling approaches the population of resident

O:. O
p—>0 = Ny —0; N — lNi; N* — ZlNJ migration: people never get
back and the population of resident in i is distributed among the neighbouring
destinations j [Sattenspiel, L. & Dietz, K. Math. Biosci. 128, 71-91 (1995);

Keeling, M. J. & Rohani, P. Ecol. Lett. 5, 20-29 (2002)]



SIR metapopulation model with
memory

Time scale separation

time of relaxation to the equilibrium dominated by

[p(l + o;-/p)]_1 ~p~ =1 since p> o;

commuting: T ~ 8h

duration of an acute infection (e.g. flu): p=! ~ [1 — 3] days

transmission dynamics slower than mobility: we can assume that compartments
occupations numbers is at the equilibrium with respect to mobility dynamics

[m] X m]
" W=%&m
& 1 +o0/p Y 1 +0;/p

X" =8 1R

[Sattenspiel, L. & Dietz, K. Math. Biosci. 128, 71-91 (1995);
Keeling, M. J. & Rohani, P. Ecol. Lett. 5, 20-29 (2002)]



SIR metapopulation model with
memory

Time scale separation

I(t)

force of infection: 05 = — 529 g
Ni(t)
1 0
01 = AS(t) — ul(t), A =p—— 01 'BNi(t) S(t) — ul(t)
N(1)
o,R = ul(?)

instead of explicitly modelling mobility, | directly compute the effect of the other
patches on the risk of infection, i.e. | break down the force of infection in its
contributions. How many infectious individuals a susceptible person resident in

I is exposed to?

[Sattenspiel, L. & Dietz, K. Math. Biosci. 128, 71-91 (1995);
Keeling, M. J. & Rohani, P. Ecol. Lett. 5, 20-29 (2002)]



SIR metapopulation model with
memory

Time scale separation

instead of explicitly modelling mobility, | directly compute the effect of the other
patches on the risk of infection, i.e. | break down the force of infection in its
contributions. How many infectious individuals a susceptible person resident in

[ is exposed to?

S. distributed among patch i and all possible destinations j in proportion
(— M
l+0/p  14+0lp

A A0l p
/11‘ — i 4 Z Y
1 + Gi/p 1 + Gi/p

J

[Sattenspiel, L. & Dietz, K. Math. Biosci. 128, 71-91 (1995);
Keeling, M. J. & Rohani, P. Ecol. Lett. 5, 20-29 (2002)]



SIR metapopulation model with
commuting

A

A=———+
: 1+61/:0 ;1"‘61/,0

/1ijaij /p

)i Lo;/p
/111 =% Ill+ lez /111 = 16; 1_;/ Z 1]_]0-_/ /
N Ct T T e N £y Njgiilp
] ) ] ] L 1 —oilp - 1 —ailp
p p f Lo,/
= |t Ll A= |7 leh/;
i L I i LPTeP T TP

[Sattenspiel, L. & Dietz, K. Math. Biosci. 128, 71-91 (1995);
Keeling, M. J. & Rohani, P. Ecol. Lett. 5, 20-29 (2002)]



SIR metapopulation model with
commuting

A

A=———+
: 1+61/:0 ;1"‘61/,0

/1ijaij /p

I Lo;/p
/111 — ﬂ Ill + Z I]l ﬂii — 'Bl : Z -
N Nf | 1—=0/p 1l —o;/p N N /p
. S i ] % — i Z j%ji
: 1 —o;/p 1 —ailp

'Bj _ _ 'BJ Jj Lo,/ p
A= —= 1].].+Z]lj L = +Z
| -

understanding the relative role of mobility and infection parameters on the epidemic
dynamics

mathematical expressions to speed up computer simulations

[Sattenspiel, L. & Dietz, K. Math. Biosci. 128, 71-91 (1995);
Keeling, M. J. & Rohani, P. Ecol. Lett. 5, 20-29 (2002)]



