Fundamentals of Mathematical Analysis 2 — MENG, ENSTP Yaounde
AY 2022/23 — PArTIAL ExaM (FIrRST PART ON 40/100)

Exercise 1. Let
Fouy) = 2+ =2t 4yt () e R
i) Compute, if it exists, lim(y y)—o0, f (X, ¥).
ii) Discuss existence of min/max of f on R? and find the eventual min/max points of f. What about f(R?)?

Exercise 2. Let
D :={(x,y,2) eR® : X*+y*+2% =1 +xy}.
1) Show that D # 0 is the zero set of a submersion.
ii) Is D compact?
iii) Determine, if any, points of D at min/max distance to 0.



ParTiAL Exam (FIrsT PArT oN 40/100)

Exercise 3. Let D := {(x,y) € R? : 0 <y < 1—|x|}and f(x,y) :=2xy — 2x> - y3.
i) Draw D and determine whether it is compact or not.
ii) Discuss the problem of searching for min/max of f on D.

Exercise 4. Let
D :={(x,y,2) €R® : X?+y*-22=1, y* +z=1}.
i) Show that D # @ is the zero set of a submersion (g1, g2).
ii) Is D compact?
iii) Determine, if any, points of D at min/max distance to 0.



ParTiAL Exam (FIrsT PArRT on 40/100)

Exercise 5. Let
oy =4y =2(x =) (x,y) €R%
i) Compute, if it exists, limy y) e, S (X, Y).
ii) Find and classify the stationary points of f on R2.
iii) Discuss existence of min/max of f on R? and find the eventual min/max points of f. What about f(R?)?

Exercise 6. Let
D = {(x,y,z) eR? 24y =22y +(2-2)7= 1}.
i) Show that D # @ and it is the zeroes set of a submersion.
ii) Is D compact? Justify carefully.
iii) Find points of D (if any) at min/max distance to 0.



ParTiAL Exam (FIrsT PArT oN 40/100)

Exercise 7. Let

fy,2) = (P +y?+ ) =7+, (x,y) € R
i) Compute, if it exists, lim(y, y 7)—c0; f (X, ¥, 2).
ii) Find and classify the stationary points of f on R3.

iii) Discuss the problem to find min/max of f on R3. What about f(R3)?

Exercise 8. Let D := {(x,y,2) € R® : x2+y> -2 =1, x+y+27=0}.
i) Prove that D # 0 and D is the set of zeroes of a submersion on D.

ii) Is D compact? Justify carefully your answer.
iii) Find points on D at minimum and at maximum distance to z axis.



ParTiAL Exam (FIrsT PArRT on 40/100)

Exercise 9. Let
D ={(x,y) eER? : 0<x<2, 0<y<2x}, f(x,y) :=x3+y3—3xy.

i) Draw D. Is D open? Closed? Bounded? Compact? Connected? Justify your answer.
ii) Determine (if any) min/max of f on D. Determine f(D), the image of D through f.

Exercise 10. Let
D = {(x,y,z) eR? : X2 -y?+32=2, x2+y2—z2—4x=0}.
i) Show that D # ( is the zero set of a submersion.
ii) Is D compact? Justify your answer.
iii) Determine

max y.
(x,y,z)eD



ParTiAL ExaMm (SECOND PART ON 60/100)

Exercise 11. Solve the Cauchy problem

y(1) =0.

Exercise 12. Let
D = {(x,y,z) eR?: (x2+y2)1/4 <z<2-x° —yz} .
i) Draw D N {x = 0} and deduce a figure for D.
ii) Compute the volume of D.

iii) Compute the outward flux from D of the vector field F = (2x,2y,1), determining, in particular, the
component of this flux on D N {z = 2 — x> — y?}.

Exercise 13. Compute the area of the surface

S = {(x,y,z) eRY A =x2+y2,0<z< 1}



ParTIiAL ExaM (SECOND PART oN 60/100)

Exercise 14. Consider the equation

, e’—1

y:

, t#0.

i) Determine the general integral.
ii) Determine the solution of the Cauchy problem y(1) = —1.

Exercise 15. Let D := {(x,y,2) € R® : x> +2y?> < 7 <4 -3(x*>+2y?)}.
i) Draw the set D into the space. Someone says: D is a rotation volume with respect to the z—axis”. Is it
true or false?
ii) Compute the volume of D.
iii) Let F = (4xz,—y?, yz). Compute the outgoing flux of F by D, determining in particular the components
of the flow through the part of dD on the surfaces z = x> + 2y and z = 4 — 3(x? + 2y?).

Exercise 16. Compute the area of the surface S := {(x,y,z) € R® : z=x>+2y2,0<z < 1}.



ParTiAL ExaMm (SECOND PART ON 60/100)

Exercise 17. Consider the second order equation
yu _2yl +y= €2t.
i) Determine the general integral.

ii) Solve the Cauchy problem y(0) = 1, y"(0) = 0.
iii) For which a € R there exists a solution such that y(0) = 0 and y(1) = a?

Exercise 18. Let D := {(x,y,2) € R® : x?+y?+z2 <4, z> 1 - (x> +y?), z > 0}.
1) Describe and draw D.
ii) Compute the volume of D
iii) Compute the outward flux by D of the vector field F= (x +y,y+2z,z+x), determining, in particular, its
component through D N {x? + y? + z> = 4}.

Exercise 19. Compute the area of the surface S := {(x,y,z) € R? : x =4 - (y2+7%), 1 <x<2}.



ParTIiAL ExaM (SECOND PART oN 60/100)

Exercise 20. Determine the general solution of the equation
Y =y-y.
Is it true or false that
tlim y(t) € R, Vy solution?
—+00

Justify your answer.

Exercise 21. Let D := {(x,y,2) € R? : 1 — (a2 +y?) <z < /1= (x2+y?2)}.
i) Draw D.
ii) Compute the volume of D.
iii) Let F= (x,y,z). Determine the flux of F through D N {z = 1 — (x? + y?)} with the normal pointing to the
exterior of D.

Exercise 22. Compute the area of the surface S := {(x,y,z(€ R® : z=+x2+y2, a < z< b}, where0 <a < b
are fixed constants.



SoLUTIONS
Exercise 1. i) To compute the limit we write f in polar coordinates:
f@y) = (p?)? = p*(cos ) + p*(sin0)* > p° = p*(cos O)* > p® — p* — +oo,
when p = [|(x, y)|| — +oc0. We conclude that 31im, y)_e0, ' = +00.
ii) By i) and since f € €(R?), we have that there is no max for f on R? while there is min f. Let (x, y) € R? be
a min point. Since (x, y) € R? = Int(R?), according to Fermat theorem, V f(x, y) = 0. Now,
R 3(x% +y?)22x —4x3 =0, x (3(x2+y?)? —2x%) =0,
Vflx,y) =0, —
3(x%+yH) 22y +4y* = 0. y (3(x2+y%)? +2y?) = 0.
The second equation leads to the alternative y = 0 or 3(x? + y2)? + 2y? = 0. In the first case, the first equation
becomes

2
x(Bxt -2 =0, &= xX*(B3x*-2)=0, = x=0,Vx=i\/;.

Thus we get stationary points (0, 0) and (i\/g , O). In the second case, we get x = y = 0, that is again point (0, 0).

Conclusion: min point for f is among (0, 0) and (i\/g, 0). Since f(0,0) = 0 while f (i\/g 0) = % - g

—24—7 < 0 we conclude that (i\/E , O) are the global minimum points for f on R2.

Last question: since R? is connected, f(R?) is an interval, and because of i) and previous discussion on min for
f we have f(R?) = [—%,+00[. O

Exercise 2. i) For instance (0,0,z) € D iff 72 = 1, thus (0,0,£1) € D and D # 0. D is also the zero set of
g(x,y,2) :=x>+y> +z> —xy — 1. This is a submersion on D iff

Vg ;tﬁ, onD.
‘We have
2x -y =0,
Vg=0, = 2y —x =0, — (x,v,2)=1(0,0,0) ¢ D,
27 =0,

from which it follows that g is a submersion on D.
ii) Certainly, D = {g = 0} is closed (g € &). Is it also bounded? We may see this by using spherical coordinates:

X = pcosfsing,
y=psingsing, p*>=x+y*+7> =|(x,y,2)|°
7= pCos .

Then, if (x, y,z) € D we have

1 2
,02 =1 +p2 cos 6 sin f(sin 90)2 =1+ Epz sin(26)(sin (,0)2 <1+ %,

from which )
o

T <L = P> =l y, I < 2.

Thus, D is bounded, hence compact.
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iii) We have to minimize/maximize f(x,y,2) = \/x* + y% + 22 or, which is equivalent (same min/max points),
f(x,v,2) = x>+ y*> + z%. According to i), we are in condition to apply Lagrange multipliers theorem. According
to this result, at mm/max points (x,y,z) € D we have

Vfx,y,2) 2x 2y 2
Vf=AVg, < 1k =rk < 2.
Veg(x,y,2) 2x—y 2y-x 2z
This happens iff all 2 x 2 subdeterminats equal 0:

2x(2y —x) =2y(2x—y) =0

y2 _ x2 — O,
2x2z - 2z(2x —y) =0, = vz =0,
xz=0

2y27-2z(2y —x) =0

The first leads to y = +x, the second y = 0 (then x = 0) or z = 0. That is we have points (0,0, z) and (x, +x, 0).
Now

e (0,0,7) € Diff 2 = 1, that is (0,0, =1).

o (x,+x,0) € Diff 2x? = 1 +x%. If +, 2x% = 1 + x>, we get x = +1, that is points (1, 1,0) and (=1, —1,0). It

—, x% = 1, thus points ((, «lf’ )and( et (,O)

Prom these we see that (1, 1,0) and (-1, —1, 0) are points at max distance to 0 while (\/%, —\/%, O) and (—\/%, \/%, O)
are points of D at min distance to 0. O

Exercise 3. i) D is a triangle with vertex (—1,0), (1,0) and (0, 1). In particular, it is closed (because defined by
large inequalities) and bounded (we can also say: 0 < y < 1—|x| < 1,and 1 — |x| > 0 implies |x| < 1). Therefore,
it is compact.

ii) f € €(D): according to Weierstrass’ theorem, f admits both global min and max on D. Let’s determine
these points. If (x,y) € D is a min/max point then:

e cither (x, y) € Int D, in this case (Fermat’s theorem) V f(x, y) = 0. Now,

2y —6x% =0, y =3x2,
Vilx,y) =0, =
2x —3y? =0, 2 -27x* =0, = x(2-27x%) =0
from which we obtain x =0 or x = % = ‘375 In the first case y = 0, in the second y = ‘f . In conclusion,

stationary points are (0, 0) and (éf ‘T) We notice that (0,0) ¢ Int D while (éﬁ 9a, ) € Int D.
e or (x,y) € D\Int D = AU B U C where

A={(x,0) : -1 <x<1}, B={(x,x+1) : -1<x<0}, C={(x,1-x) : 0<x <1}

On A: f(x,0) = —2x> from which we easily deduce that (1,0) is min point for f on A, (=1,0) is max
point for f on A.

OnB: f(x,x+1) = 2x(x+1)=2x3 = (x+1)3 = 2x?2+2x =203 = (X3 +3x243x+1) = -3x3 —x2—x—1 =: g(x).
To determine min/max g(x) for x € [~1,0] we compute g’(x) = —9x> — 2x — 1 and discuss g’ (x) > 0, iff
9x? +2x + 1 < 0. Since A = 4 — 32 < 0 we conclude that the previous inequality is never verified, thus
g’ <0on [-1,0], that is g \,. We conclude that (-1, 0) is max for f on B and (0, 1) is min for f on B.
OnC: f(x,1-x) = 2x(1-x)—2x3—(1-x)3 = 2x—2x —2x3—(1 3x+3x2—x%) = —x3-5x2+5x—1 =: g(x).
To determine min/max g(x) for x € [0, 1] we compute g’(x) = —3x> — 10x + 5 and discuss g’(x) > 0, iff



3x2+10x — 5 < 0. Here A = 100 + 60 = 160 > 0, thus solutions of the inequality are %@ <x <

_10*'6‘160 = 75+§\/W. Since 0 < x < 1, we deduce that g " for 0 < x < w. Thus (0, 1) and (1, 0)
-5+42V10 8-2V10
3 0 3

are min points, ( ) is a max point.

Conclusion. Candidates for min are (Q/Ti, @) (from Int D), (1,0) (from A), (0, 1) (from B) and again (0, 1), (1, 0)
(from C). We have

f(1,0)=—2, f(O’l):_l’f = 2_7_ 27 27:_ﬁ'

373 |7

\3/5«“/?1,) B 2 4 4

We conclude that (0, 1) is minimum point for f on D.
3

Candidates for max points are (\/TE, ﬁ) (from Int D), (-1, 0) (from A), the same from B, and ( _5+§m, 8_23m)

(from C). We have

V2 V4 4 -5+2V10 8-2V10| 2
21 = £(-1,0) = +2, , =~ (-251+80V10) = 0.146.. ..
f( 373 5 S (L0 =42, f 3 3 27( + )
We conclude that (-1, 0) is max point for f on D. O

Exercise 4. i) (x,y,0) € D iff x> + y*> = 1 and y* + 1, that is y = +1 hence x> = 0, that is x = 0. Thus
(0,£1,0) € D and D # 0. We may see D = {g; = 0, go = 0}, where g;(x,y,z) = x> +y> —z> — 1 and
g2(x,y,2) =y*+z— 1. Then, (g1, g2) is a submersion on D iff

Vgi 2x 2y -2z
2=rk =rk
Vg 0 2y 1
Now, rank is < 2 iff all 2 x 2 sub matrices of previous matrix have null determinant, this leading to the system
4xy =0, x=0, 1
2x =0, — = (0,0,z2), V (O,y,—z).
2y +4yz =0, y(1+2z) =0,

Now, (0,0,z) € D iff =z = 1 and z = 1 (impossible!); (0,y,-3) € D iff y> = 2 and y* = 3 (impossible!). We
conclude that (gi, g2) is a submersion on D.
ii) Clearly D is closed. Is it also bounded? Plugging y*> = 1 — z into the first equation, we have
xr=2—z+1,

thus points

(i\/zz—z+l,i l—z,z) eD.

When z — —oo we see (i\/zz —z+1,+V1 —z, z) —> o03. This tells that D is unbounded, hence not compact.

iii) We have to minimize/maximize f = /x2 + y2 + z2 or, equivalently, f = X2+ y2 +72. By ii), D is unbounded,
thus there is no max for f. However, since clearly lim(y y 7)—co, f = +00, f has global minimum on D. Let
(x,y,z) € D be amin point. By i), we can apply the Lagrange theorem: at (x, y, z) we must have

Vf 2x 2y 2z
Vf=24Vg1+2,Vg, < r1k| Vg |=1k| 2x 2y -2z |=2,
Vg 0 2y 1




iff the determinant of the last matrix equals O,
—2y(-8x7) + 1(4xy —4xy) =0, & xyz=0, < x=0,vy=0,Vvz=0.

We get points (0, y, z), (x,0, z), (x,y,0). Now:

v -2 =1, 2 +z=0,
0,y,z2) e D, = — — (0,0,«1), (O,—I,J_r\/i).
y+z=1 y2=1-z
Similarly,
x2-z2=1, x2=2,
(x,0,z) e D, = = (J_r\/E, 0,1).
z=1 z=1,
Finally,
x2+y2:l, x2=0,
(x,y,0) e D, = — — (0,%1,0).
y2 =1 y2 =1
By computing distances we deduce that points of D at min distance to 0 are (0,0,=1), (0,+1,0). O

Exercise 5. i) We use polar coordinates. We have
fx,y) =p* (0054 6 + sin* 9) —2p? (cos 8 —sin6)?.

Now, g(6) := cos* 6 +sin* 6 > 0 for every 6 € [0,2x]. It is a continuous functions therefore it has a minimum.
Let say that C = g(0,;,) is the minimum value. We claim C > 0. Clearly C > 0. If C = g(0min) =
cos* 0,,in + sin* Omin = 0 then cos 6, = sin 6,,;,, = 0, but this is impossible. Thus C > 0. Then

flx,y) = Cp4 - 2p2(cose —sin6)? > Cp4 - 8,02 — 400, p —> +00.
Since p = [|(x, y)|| this means lim,_y)—c0, f = +00.
ii) We have
Onf =42° —4(x =), Byf =4y> +4(x - ).
Clearly 0y f, 0y f € €(R?), thus f is differentiable on R?. Stationary points fulfils,
4x* —4(x - y) =0, x-y=x, y=-x,

Vf(x,y):ﬁ, = — =
4y +4(x—y) =0. y +x3 =0, X —2x =0,

From the second we get x(x? — 2) = 0, thus either x = 0 (then y = 0), or x = +V2 (and y = ¥V2). Thus, we get
points (0,0), (V2,—V2) and (-V2, V2).
iii) By i) we know that f has a global minimum on R2. Since Int R> = R?, the global minimum must be
a stationary point (Fermat’s theorem). The possibilities are the stationary points (0, 0), (V2,-V2), (=V2,V2).
Clearly f(0,0) =0 while
F(£V2,7V2) =4+4-2(2V2)> =8 - 16 = -8.

We deduce that (+V2, ¥V?2) are global minimum points for f.
By i) there is no max for f on R?. Finally, f(R?) = [~8, +oo]. m|



Exercise 6. i) For z = 2 we get

x2+yr =4, y==I,
(x,v,2) e D, —
yr=1, x? =3,

from which (+V3,+1,2) € D (four points). Clearly D = {g; = 0, g» = 0} where g; = x2 + y? — z% and
g2 =y>+ (2= 2)?> = 1. Clearly g1, g, are differentiable (being polynomials). (g;, g2) is not a submersion where

Vg 2x 2y -2z 4xy =0,
rk <2, < 1k <2, 4x(z-2) =0,
Vg 0 2y 2(z-2) 4y(z-2)+4yz =0.

From first equation we get the alternative x = 0 or y = 0. In the first case, the second equation becomes 0 = 0
(trivial) while the third one is y(z — 1) = 0, thatis y = 0 or z — 1. Thus we have points of type (0,0, z) and (0, y, 1).
Now,

2 =0, y =1,
(0,0,z) e D, = (impossible), (0,y,1) e D, (impossible).
(Z_2)2:1, y2:0’

In the second alternative y = 0. In this case, the third equation of initial system becomes trivial 0 = 0 while the
second leads to x(z — 2) = 0, that is either x = 0 or z = 2. This gives points (0,0, z) and (x, 0, 2). The first ones
have already been checked and we know they are not on D. For the second ones,

x? =4,

(x,0,2) e D, (impossible).
0=1,

Conclusion: there are not points of D at which rank of [Vg| Vg,] is less than 2, that is, (g1, g2) is a submersion
on D.

ii) D is clearly closed being defined by equations involving continuous functions. Let’s check that it is also
bounded. From the second equation,

2

yV<l (z-2)P%<1, = 1<z<3, = z2<09.

Then, from first equation,

thus

1y, 2)|l = /X2 +y?+22 < V9+1+9, V(x,y,z) € D.

This means that D is bounded, hence compact.

iii) We have to minimize/maximize f(x, y, z) = ||(x, y, z)|| or, equivalently, f(x, y, z) = ||(x,y, 2)||* = x*>+y*+7%.
Clearly, such an f is continuous and, by ii), D is compact. Thus f admits both min and max on D.

To determite min/max points, we apply Lagrange’s theorem. By i), we can apply this theorem. Thus, if
(x,y,z) € D is a min/max point for f, we must have

Vf
Vf=4Vg+ Vg, & r1k| Vg |<3.
Vg2



Since this last matrix is a 3 X 3 matrix, this condition boils down to

Vf 2x 2y 2z
O=det| Vg | =det| 2x 2y -2z =2x (4y(z —2) +4yz) — 2x (4y(z = 2) — 4yz)
Vg2 0 2y 2(z-2)
that is
xyz =0.

This leads to the following alternatives: x = 0, that is points (0, y, z), y = 0, that is points (x, 0, z) and z = 0, that
is points (x, y,0). Now,

¥t =22, y: =22,
0,y,z2) e D, —
Y+ (z-2)7=1, 272 -2z43=0,
from which we see that there are not solutions. Again,
x? =22, z=1,3
(x,0,2) e D, —
(2_2)2: 1’ x2=Z2,

from which we obtain points (1,0, 1), (£3,0, 3). Finally,

xz+y2 =0,
(x,y,0) e D,

for which there are not solutions.
Conclusion: since f(+1,0,1) =2 and f(+3,0,3) = 18 we deduce that (1, 0, 1) are min points while (£3, 0, 3)
are max points. O

Exercise 7. i) In spherical coordinates,
f(x.y.2) = p* = p*(cos 0)*(sin ©)* + p*(sin 6)*(sin @) > p* - 2p* —> +o0,
when p = ||(x,y, z)|| — +o0, and this means that lim(xyy’z)jm3f(x, y,Z) = +00.
i) Point (x, y, z) is stationary point for f iff Vf(x, y,z) = 0, that is

2(x% +y*+75)2x - 2x =0,
2(x* +y?+7%)2y +2y =0,
2(x* +y2+ 222z =0.

The third equation leads to the alternative x> + y? + z> = 0 (that is (x, v, z) = (0,0, 0)) or z = 0. Plugging this into
the other two equations we obtain

z=0, z=0, 1
262+ -1)=0, y=0, = (x,v,2)=(0,0,0), (J_r—,O,O).
v (G2 +3%) +1) =0, x(2x2—1) =0, V2

iii) Since f € ¥ (R?) and by i), we conclude that there is no global max for f on R? while there is minimum.
Since f is also differentiable (clearly dx f, 0y f, 0. f € % (R?)) and Int R? = R?, according to Fermat’s theorem,
any min point for f is a stationary point for f. By ii) we deduce that possible min points are (0, 0, 0) (where f = 0)
1
\/i 9
Finally, R? is connected, hence f(R?) is an interval. By previous discussion f(R3) = [—%, +oo]. O

and (i 0, 0) (where f = % — % = —}1). We conclude that global min points for f on R are (i%,o, 0).



Exercise 8. i) For instance (x,y,0) € D iff x> +y?> = 1 and x + y = O that is y = —x and 2x> = 1, thus

(i%,i\%,O) € Dand D # 0. Now, D = {g; =0, g» = 0} where g, =x2+y2—z2— land g =x +y +2z. We
have that (g1, g2) is a submersion on D iff
Vgi 2x 2y -2z
rk =1k =2, V(x,y,z) € D.
Vg 1 1 2
Now, rank is < 2 iff all 2 X 2 sub determinants of previous matrix are null, that is
2.x - Zy = O, y=x,
4x+2z=0, — = (x,,2) =(x,x,-2x).
4y +2z7=0. 7 =-2x,
‘We have
X2+ —4x2=1, x=0,
(x,x,-2x) € D, iff =
2x—4x =0, 0=1,

which is manifestly impossible. We conclude that rank of [Vg; Vg»]* is never < 2 on D, thus (g1,g2) is a
submersion on D.
ii) D is the set of zeroes of g1, g» € € (R?), thus it is closed. Is it bounded? We may notice that

— _ Xty
1=

(x,y,2) €D, &
Ryt =142 =1+ (<227 = 14+ L2+ )2+ 2xy).

From the secon equation,
3 1 4 2
Z(x2+y2)=1+§xy, — x2+y2=§+§xy.

We claim that from this a bound for p? := x? + y? follows. Indeed,

p? = % + %pzsinecose = g +%p2sin(20) < g+ %pQ, = %,02 < g = p’<2.
Therefore
+y? <2, = x2<2,y2<2, = x|yl < V2.
From this
o= [ E2 | = 2 el by < 5 2V2= V2
Finally,

l(x,y, D)l = Ax2+y>+22 < V2+2+2= V6, ¥(x,y,2) € D.

This confirms that D is bounded, hence compact.

iii) We have to determine min/max of f(x,y,z) = vx2 + y2 or, equivalently, f(x,y,z) = x> + y>. Since D is
compact and f is continuous, f has both global min and max on D. Top determine these points we apply the
Lagrange multipliers theorem. Since (g;, g2) is a submersion on D, at min/max points (x, y, z) € D for f we have

vVf 2x 2y O

Vf=A4Vg1+A,Vg, < r1k| Vg |=1k| 2x 2y -2z |=2,
Ve 1 2



that is, iff

2x 2y O
det| 2x 2y -2z | =0, < 2x(4y+27)-2y(4x+27)=0, < z(x-y)=0.
1 1 2
This produces points z = 0, that is (x, y,0) and points y = x, that is (x, x, 7). Now:
x2+y? =1, y=-x, 1 1
(x,y,00e D, = = — (i—,¢—,0),
x+y=0, 22 =1, V2 V2
and
22 —72=1, =X,
(x,x,2) €D, = = (x1,£1,7F1).
2x+2z=0, x2=1,
Now, since
f(+1 T 0) 1+1 1, f(xL+1,F])=1+1=2
T—,+—F, =3 5= 5L =1, xl,+ = =4
V2 A2 2 2
we deduce that (i\%’ i\/LE,O) are min points while (£1, 1, ¥1) are max points. ]

Exercise 9. i) Figure below. D is closed (defined by large inequalities involving continuous functions. Since
DR? and D # 0 (both evident), D cannot be open. D is bounded: indeed, if (x,y) € D then 0 < x < 2 and
0<y<2x<4thus [[(x,y)]| = Va2 +y2 < V4 +16 = V20. Therefore, D is also compact (that is, closed and
bounded). D is made of one single piece (clearly, any two points are joined by a line entirely contained in D).

ii) Clearly f € € (D), D is compact, thus f admits both min and max on D. To determine these points, let
(x,y) € D be a min/max point. We have the following alternative:

e either (x,y) € Int D: then, since dy f = 3x% — 3y € G(R?), 9, f = 3y? — 3x € G(R?), f is differentiable,
thus, by Fermat’s theorem, V f(x, y) = 0. Now,

. 3x2—3y =0, y = x2,
Vilx,y)=0, =
3y2—3x=0, x*—x=0.

The second equation leads to x = 0 or x> = 1, that is x = 1. Thus we get points (0,0) and (1, 1). Since
(0,0) ¢ Int D we discard this point, while (1, 1) € Int D.
e or (x,y) € D\Int D = AU B U C where

A={(x,0) : 0<x<2}), B={(x,2x) : 0<x<2}, C={(2,y) : 0<y<4}.

On A,
f(x,0)=x°,
which is minimum for x = 0 and maximum for x = 2. Thus, candidate min is (0, 0) while candidate max
is (2,0).
On B,

fx,2x) =x% +8x3 —6x%2 = 9x° — 6% =: g(x).
We have g’(x) = 27x% — 12x = 3x(9x —4) > 0iff (for 0 < x < 2), x > %. Thus x = 0,2 are max points,
X = g is min point. For f this means that points (0, 0) and (2,4) are possible max points while (g, g) isa
possible min point.



On C we have f(2,y) =8+ y> — 6y =: g(y). We have g’(y) = 3y> — 6 = 3(y*> - 2) > 0iff y? > 2 that
is, for 0 < y < 4, when V2 < y < 4. Thus, y = 0,4 are max points, while y = V2 is min point for f on C.
We conclude that (2, V2) is possible min point for f while (2, 0) and (2,4) are possible max points for f.
We can now draw the conclusion. Possible max points are (1, 1) (from Ind D), (2,0) (from A), (0,0), and (2,4)
(from B), (2,0) and (2,4) (from C). Since
f(L, 1) =-1, f(2,0)=8, f(0,0)=0, f(2,4) =48,
we conclude that (2, 4) is global max for f on D.
Possible min points are (1, 1) (from Ind D), (0,0) (from A), %, g) (from B), (2, V2) (from C). Since

4 8\ 43+8-33.4.8 288
EE— = = —_-— 2 2 = 2 2— 2 2
9,9) % 729’ f(2,V2)=8+2V2-3-2V2 >0,

from which we deduce that (1, 1) is the global min point. O

f(l’l):_l’ f(O,()):O, f(

Exercise 10. i) For example (0, y, z) € D iff

-2 +372 =2, 2 =52 7=

H

1’

y2-22=0, Z=1, y==1

>

that is (0, +1,+1) € D (four points, all possible combinations of sign +). Clearly D = {g; = 0, g» = 0} where
g1 =x>—y*+3z2-2and g» = x> + y% — 22 — 4x. Now, (g1, g2) is a submersion iff

Vg, 2x -2y 6z
rk =1k =2, Y(x,y,2) € D.
Vgo 2(x=2) 2y =2z
This is false iff all 2 X 2 subdeterminants vanish, that is, iff
dxy+4y(x —2) =0, y(x—-1)=0,
—4dxz —12z(x - 2) =0, — z(2x-1) =0,
4yz - 12yz =0, yz =0.
The last equation leads to the alternative y = 0 or z = 0. In the first case the system reduces to
y=0, y=0, y=0,
— \%
_ _ _ 1
7(2x-1) =0, 7=0, x=3.
Therefore, we have points (x,0,0) and (%, 0, z). Now
x2=2,
(x,0,0) e D, (impossible),
x?—4x =0,
and
1 % +322 =2,
(E’O’Z) €D, (impossible).
i - 22 - 2 = 07
In the second alternative, z = 0, the system reduces to
z=0, z=0, z=0,
= \%

y(x_l):o’ y:() x=1.



Solutions are points (x,0,0) and (1, y,0). Now,

x2=2,
(x,0,0) e D, (impossible),
x2—4x =0,
and
1- y2 =2,
(,y,0) e D, = (impossible).
1+y2-4=0,

Conclusion: since there are no points on D such that rk[Vg; Vgz]* < 2, we conclude that (g1, g2) is a submersion
on D.
ii) Clearly D is closed being defined by equations involving continuous functions. To see whether D is compact
or less, we need to check if D is bounded. Notice that,
x2—y2+32=2,
(x,v,2) €D, = 2’ +272—4x=2, (x-1)*+72=3
x2+y2—z2—4x=0,

from which |x — 1| < V3, and z> < 3. The first says 1 — V3 < x < 1 + V3, thus x? < 9. Plugging this into one of
the two equations for D we have
V=x?+322-2<9+9-2=16,
thus ||(x, y,2)|| < V9 + 3 + 16 = V28 for every (x, v, z) € D. This means that D is bounded, hence it is compact.
iii) We have to determine min/max of f(x,y,z) = y. Clearly, f € € (D) and D is compact, thus f has both
min and max on D. By i), to determine these points we can apply the Lagrange theorem. If (x, y,z) € D is any
min/max point for f then

\Zi 0 1 0
Vf=24Vg1+2,Vg, < r1k| Vg | =1k 2x -2y 6z | <3,
Vg 2(x=2) 2y =2z
and this is equialent to
0 1 0 3
0 = det 2x -2y 6z |[=-1(-4xz-12(x-2)7) =8z(2x—-3), & z=0,Vx= 7

2x=2) 2y =2z
This leads to points (x, y, 0) and (%, v, z). Let’s check when they belong to D. We have

x2_y2:2’ y2=x2—2,
(x,y,0) e D, —
X2 +y*—4x =0, x2-2x-1=0,

We get x = Z%ﬁ =1+V2. Forx=1+V2, wehave y? =x2—2=1+2+2V2-2 = 1 +2V2, thus y = +V1 + 2V2,

or points (1+2\/§,i\/1+2\/§,0). Forx=1-V2wehave y2 =x2—2=142-2V2-2=1-2vy2 <0, no
solutions. Now,

3 ?T_y2+312=2,
(E’y’Z)ED’ —
2+y?-22-6=0.
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Summing the two equations we get

9 2 2 9
—+27° =2, 2z°=2-- <0,
2+ Z — Z 2<

thus no solutions. We conclude that the possible min/max points are (1 +2V2, V1 +2V2, O). Clearly, + gives
max point while — is the min point. O

Exercise 9. i) D is defined by large inequalities, therefore it is closed. Clearly D # 0, R2, thus D is not open. It
is bounded, because 0 < x < 2 and 0 < y < 4. Hence, D is compact. Clearly, D is also connected.

y

ii) Since f is continuous, D is compact, f has both global min and max on D. Let (x,y) € D be a min/max
point. Then

e cither (x, y) € Int D, then, according to Fermat’s theorem, V f (x, y) = 0. Now,

- 3x2—3y=0, y:xz,
V=0, —
3y2—3x=0, x-x=0,

Since x* —x = 0iff x(x> = 1) = 0, that is x = 0 or x = 1, we get points (0,0) and (1, 1). The former does
not belong to Int D while the latter belongs to Int D.
e or (x,y) € D\Int D = AU B U C where

A:={(x,0) : 0<x<2}, B:={(2,y) : 0<y<4}, C:={(x,2x) : 0<x <2}

On A: f(x,0) = x3, that takes its min value for x = 0 and max value for x = 2, thus (0, 0) is the min point
for f on A and (2, 0) is the max point for f on A.

On B: f(2,y) =8+ y> —6y =: g(y), y € [0,4]. We have g’(y) = 3y> =6 > 0, iff y*> > 2, that is
(v € [0,4]), y > V2. Thus g \, on [0, V2] and g , on [V2,4]. We conclude that y = 0,4 are max points
for g on [0, 4] while x = V2 is min point for g on [0,4]. This means that (2,0), (2,4) are max points for
f on B and (2, V2) is min point for f on B.

On C: f(x,2x) = x> +8x% — 6x% = 9x — 6x2 =: g(x), x € [0,2]. We have g’(x) = 27x> — 12x =
x(27x —=12) 2 0iff x <OQorx > % = g. Therefore, on [0, 2], we have g \, on [0, %] andg / on [‘9—‘,2].
We conclude that x = 0,2 are max points for g on [0,2] and x = ‘9—‘ is min point for g on [0, 2], that is
(0,0), (2,4) are max points for f on C and (‘9—‘, g) is min point for f on C.
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Conclusion. Possible candidates for min are points (1, 1), (0,0), (2, \/z), (‘9—‘, g). We have

4 8 288
f(L1) ==1, £(0,00=0, f(2,V2)=8+V8-6V2, f|-,=|=>.
9°9 729
From this we deduce that (1, 1) is the global min point for f on D.
Possible candidates for max are points (1, 1), (2,0), (2,4), (0,0). We have
f(,1)=-1, f(2,0)=38, f(2,4) =48, f(0,0)=0,
from which we see that (2, 4) is the global max point for f on D.
Finally, f(D) = [-1,48]. O
Exercise 10. i) If z = 0, that is taking a point of type (x, y,0), we have (x,y,0) € D iff

xz—y2=2,

x2+y2—4x=0,

from which 2x2 — 4x = 2, or x2 — 2x = 1, leading to x = 1 + V2. Plugging this into the first equation we have

y2=x?=2=1+2+2V2-2=1+2V2. For — there are no solutions, while for + we have y? = 1 + 2V?2 that is
y = V1 + 2V2. In conclusion, (1 + V2, V1 +2v2,0) € D and D # 0.

We notice that D = {g; = 0, go = 0} where g = x> — y> +3z> — 2 and g, = x> + y> — 7> — 4x. We recall that
(g1, g2) is a submersion at (x, y, z) iff

Vgi(x,y,2) 2x -2y 6z
2 =r1k =rk
Vga(x,y,2) -4 2y -2z
Now, this fails iff all 2 X 2 sub determinants vanish, that is, iff
dxy+4y(x —-2) =0, y(x—1) =0,
—dxz-4z(x-2)=0, z(x—=1) =0,
4yz —12yz=0 yz=0.
The first equation leads to the alternative y = 0 or x = 1. In the first case we get the subsystem
y=0,
72(x-1)=0, < (x00), (1,0,z).
0=0
In the second case, we obtain the subsystem
x=1,
0=0, — (1,0,z2), (1,y,0).
yz=0,
We check how many of these points belong to D. We have
x2=2,
(x,0,0) e D, = impossible.
x? —4x =0,
Next,
322 =1,
(1,0,z) e D, impossible.

-72=3
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Finally,
1-y?=2,
(,y,0)e D, impossible.
1+y>-4=0,
We conclude that (g, g2) is a submersion on D.
ii) D is definitely closed (being defined by equations involving continuous functions). Is it also bounded? If
(x,y,z) € D, then summing the two equations we get
w427 —dx =2, = K-+ =1, = G(x-1)*+=2,
thus
- 11 < V2, Jz| < V2.
< x < 3. Then

y2=—x2+22+4x<zz+4x<2+12= 14’

In particular, 1 — V2 < x < 1+ V2, from which we can say —3

thus

Iy, D)l = x2+y2+22 < V9+14+2, V(x,y,2) € D.

This means that D is bounded, hence compact.

iii) Let f(x, y, z) := y. Clearly, f € € (D), thus, according to Weierstrass’ thm, f has both global min and max
on D. To determine these points, thanks to i), we apply Lagrange’s multipliers theorem. At (x, y,z) € D min/max
for f we must have

vf
Vif=4,Vg +4,Vg,, < r1k| Vg | =2,
Vg2
that is, iff
vVf 0 1 0
O=det| Vg, | =det 2x -2y 6z | =—(-4xz-12z(x -2)) =4z(4x - 6).
Vg 2x-4 2y 2z

This leads to z = 0 (thus, points (x, y,0) or x = % (thus, points (%, ¥,z)). Now, by what seen in i),

(x,y,00e D, = (1 +\/§,i\/1 +\/§,0).

Moreover
9 _ .2 2 _ 2_ 1
(3 ) 7Y +3z7=2, "=y, 3 \/ﬁ \/7
=¥2Z| €D, — e |, 44—, 4/~
2 9 2_2_¢ 2 _ 11 2 2 4
4+y =0, y - 2

(four points, all possible combinations of sign). Now, since

f(1+\/§,i\/1+\/§,0) :J_r\/1+\/§, f(%,i\/zzl,i\/Z) = J_r\/zzl

it is clear that min and max are, respectively, points (%, -4, i\/g) (min points), (%, + 5 i\/g) (max points).

O

Exercise 11. The equation is a separable variables equation,

Y =107 49 =a)f (),
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where f(y) = y>—4. Constant solutions are y = C such that 0 = 1(C?-4), thatis C>—4 = 0, or C = +2. Since the
solution of the proposed CP is y(1) = 0, the solution y cannot be constant (otherwise y = +2 but y(1) = 0 # £2).
Thus, the solution have to be found by separation of variables:

1 2 y, 1
f =~ —4, = 7> G f=-
=204, = v oaTr o ()
where
601 = [ g dv=g [ T3 - g dv= g oty =21 togly+2D) = log| P
— — _— (e} 0 = —10 .
y v+2 dy g1y - g1y 4 g v+2
Therefore
1 y=2[\" 1 1 y-2 Jl
—log|——|] = -, < 1 —dt+c=loglt| +c.
(4 Ogy+2) ‘ 3108y | = | dire=loellre
Imposing the passage condition y(1) = 0 we easily get ¢ = O, thus
1o |y-2 y- 4 y=2 _ 4
—log|——| =loglt|, =1, & —F =4t
4Ogy+2' ogl y+2 y+2
Again, by y(1) = 0 we get —1 = *1, thus sign is — and
y—Z:_t4’ = y-2=-1*(y+2), = y(l+H=2(1-1), = y:21_—t4,
y+2 1+4
which is the sought solution. O

Exercise 12. i) Notice that D N {x =0} = {(0,y,2) : /]y| <z<2-y?}.

e

Figure 1. D N {x = 0} (left) and D (right)

ii) We have

A3(D) = [, 1dxdydz = 1 dxdydz

f(x2+y2)1/4<z<2—x2—y2

RF
= [y oayy (2= (@2 457 = (0 +3)!4) dxdy

pol.coords

J@sz_pz (2-p* = p) p dpdb

27rff<2 _p (20=p*=p*) dp.
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To solve 4fjp < 2 - p? for p > 0 notice that +/p is increasing with p while 2 — p? is decreasing. At p = 1 they

concide, thus yp < 2 — p?iff 0 < p < 1. Therefore,
1 4 5/21P=1 1 2 7
R RN T
452,

A3(D) =2n L (Zp -p’ - p3/2) dp =21

iii) To compute the outward flux of F= (2x,2y, 1) we apply the divergence theorem:
S o 14
J F i, doy = J‘ div F dxdydz = J‘ (2+2+0) dxdydz =443(D) = —n.
oD D D 5

To compute the component of this flux by the part of D on the surface z = 2 — (x? + y?), we need a specific
parametrization. Here we can use the following standard parametrization:
q)(x,)’) = (x,y,2 _x2 - yz)’ (x,)’) EE= {(x,)’) : xz +y2 < 2}
Notice that
P AO®  (1,0,-2x) A(0,1,-2y)  (2x,2y,1)
n(p = = = .
10x® A 0, P -l [1(2x, 2y, Dl
In particular, from the third component of 7 = 1 we deduce that 71 = 7. Therefore, the flux of F through the
surface z = 2 — x> — y% on D computed by using the parametrization ® equals the component of the outward flux
from D. This flux is

-

F 2x 2y 1
fx2+y2<z det| 0,® | dxdy = fxz+yz<2 det| 1 0 —2x | dxdy= fx2+y2<z (4x% — (—=4y% = 1)) dxdy
9, ® 0 1 -2y
=4 Lc2+y2<2(x2 +y?) dxdy + 4n

=4IO<p<\/§p2pdpd0+47rR=F4~27rf(;ﬁp3dp+47r
410=V2

=ar(2|g] 1] =12,
p=0

Exercise 13. We need a parametrization of S. We could notice that

(x,y,2) €S, & z=0x2+y)"4,

hence look at S as the graph of a function f(x,y) := (x> + y?)'/4. In alternative, we may notice that
4 2 2

(x,y,2) €8, x2+y2 =z7", & x=z"cosf, y=z"siné.
Thus
(x,y,2) = ®(z,0) = (z>cos 0, z%sin b, z), (z,0) € [0,1] x [0, 2x].
Therefore
o (S) = J [|0,® A 0g®@|| dzd®.
[0,1]x[0,27]
Now,

i ik
0, DN, D =det| 2zcos® 2zsinf 1 |= (—z2 cos 6, —z%sin 6, 213) R
—z%>sin@ zZcosf O
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from which

10:® A g ®@|| = Vz* +426 = 221 + (22)2.

Therefore |
o>(S) = J A1+ 222d 27rJ 2V +(22)? dz.
[0,1]1%[0,27] 0
Now, since
[(1 + (21)2)3/2] = %(1 +(22)'22(22) -2 =6 2z(1 + (22)%) /2,
by parts,
1 z=1 1 1 53/2 1 1
(S =n|=(1+22)»)%] - -J 1+ Q22 dz| =n|— - -J (1+(22)%)3? dz]
6 0 6Jo 6 6Jo

Setting 2z = sinh u, dz = % cosh u du, we have
1 1
J(l +(22)%)3? dz = J(cosh u)3§ coshu du = 3 J(cosh u)* du
A straightforward integration by parts leads to
3 1 5 3 1 5
J(cosh w) du = 3! + 1 sinh u cosh u (sinh2 u+ 5) =3 sinh~!(2z) + Ez\/l +4z2 (412 + 5)
Thus
: 243/2 3 1 1 5
I (1+42%)%? dz = = sinh~ (2)+—\/§(4+—).
0 8 2 2
From this we obtain the numerical value of 0, (S). O

Exercise 14. i) We have a separable variable equation

Y =1 = 1) =a)f ().

Solutions are constant or non constant, in this case they are obtained by separation of variables. Constant solutions
y = C are such that 0 = %(ec —1),iff ¢© — 1 = 0, that is C = 0. Non constant solutions fulfils

’

y 1 , 1
=-, & G =,
ey—-1 ¢t ) t
where
u=e”, y=logu, dy=du/u
G(y) :feylfl dy = Jﬁ%zfu(ulfl) du:fﬁ—%du=10g|u—1|—log|u|

=log|1—%|=log|1—e‘y|.

Therefore, for a solution y,

(log|l1 =€) = %, — log|l-eY|=loglt| +c.
From this
[1—e7|=|tle® =k|t], k>00, — 1-e Y =x+klt], = eV =1xk|t|, = -y=Ilog(l=+klt]),
and, since k > 0 means +k # 0, we have

y = —log(1 + klt]), k #0.
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Noticed that, for k£ = 0, we get back y = 0, we can conclude that the general solution is

y(t) = —log(1 + kl|t]), k € R.

ii) Since y(1) = —1, imposing this to the general solution we obtain —1 = —log(1 + k), from which 1 + k = ¢
and k =e - 1. ]

Exercise 15. i) The statement is false. Indeed, by a rotation around the z—axis, the quantity x> + y*> (which
is the square of the distance to the z—axis) remains constant. Thus x> + 2y? = k + y>. However, this last is not
constant along the same rotation. Therefore, if a point (xq, yo, zo) € D, that is it fulfills the characteristic inequality
that defines D, it is false that by rotating this point around the z—axis we will verify again the inequality.

ii) Volume:

J4—3(x2+2y2)
x242y2

A3(D) 1 dxdydz & f

x24+2y2<4-3(x2+2y2) ( dZ) dxdy

= Ix2+2y2<z<4—3(x2+2y2)
= fx2+2y2<1 4 (1 - (x> +2y?)) dxdy

X =pcosb,
\/zyzpsinH,

1 RF 4 (1 _8x (1 1\ _
[pa 40 =) J5p dpdd = 211 [ p - p* dp = —’;(g—z) =

Bl

iii) Let F= (4xz,—y?, yz). The outward flux of F by D can be computed by the divergence thm: we have

J‘ Fiip doy = J div F dxdydz = J (4z =2y +y) dxdydz = J (4z - 3y) dxdydz.
s D D D
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To compute this integral we proceed as above for the volume. We could go straight to adapted cylindrical
coordinates, obtaining

jD (4z - 3y) dxdydz = \/LE fp2<1<4_3p2 (4z - %p sin 9) o ddfdz

2r
RF g 3 2 :
=8 jp2<2<4—3,02 zp dzdp — 3 fp2<1<4_3p2 o (L sin @ d9) dpdz
—_—
=0
_ 8 RF g 4-3p?
- 77% Jp2<z<4—3,02 2p dzdp = 77% pr<a-3p2 P (L’z < dz) dp
2
_ 8x 2|7 _4_nl( PN 4)
= @fpzélp[z]zzpz dp =" [ ((4=3p% = p") dp
N—— ———
=8p*-24p2+16
= 4n g [’i]pzl _24 [Pﬁ]pzl +16) = 4n48
N 5] e Kl P 55"

For the second part of point iii) we propose two alternative solutions.

First method. Let S; = 8D N {z=x2+2y?and S» = 8D N {z = 4 — 3(x + 2y?)}. The outward flux of F by
0D is the sum of the fluxes through S; and S,. We can campute one of these two deduce the other by difference.
We compute the flux through S;. To this aim we need a parametrization. This is easily offered by the analytical
definition of Sy, z = x> + 2y?, thus we may use the standard parametrization

D(x,y) = (x,y,x7 +2y%), (x,y) € E :={(x,y) : x> +2y* < 1}.

Before computing the flux, we check if the normal 7ig is inward or outward. Recall that 7ig is the normalization of

i J ok
0x® A0, ®=(1,0,2x) A(0,1,4y) =det| 1 0 2x | =(-2x,—-4y,1).
0 1 4y

From this, and in particular from the third component, we see that 7ig is pointing inward. Thus, the component of
outward flux from D on §; is

Ax(x®+2y%)  —y? y(x2+2y?)

- s, Fiig doy = [, det 1 0 2x dxdy
0 1 4y
= fx2+2y2<l 8x% (x2 +2y%) + (—4y? — y(x? +2y?)) dxdy

The calculation is a bit long but elementary. We leave to the reader to complete it.

Second Method. Instead of completing the calculation in this way, we show an alternative way that sometimes
(and in certain specific situations) might simplify the task. We may look at S; also as part of boundary of another
domain D:

D :={(x,y,2) : X +2y? <z<1}.
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In this case D = S| U S3 where S5 is the ellypsis S3 := D N {z = 1} = {(x,y,1) : x2+2y? < 1} =: E3. The
outward flux of F' from D is

J‘_ﬁ'ﬁedUQZJ ﬁ'ﬁed02+J ﬁ'l_’ied(fz
Si S3
Then

‘[ ﬁ'ﬁed()j:j ﬁ'ﬁedUZ_J ﬁ‘ﬁed()'z.
N S3 oD

Now, on S3 clearly 71, = (0,0, 1), thus
J F i, doy = J (4xz,—-y%, y2) - (0,0, 1) doy = J yedo, T2 f y dos.
S3 S3 S3 S3

By the above description, S3 = ®(x, y) = (x,y,1), (x,y) € E3, thus

J ydoy = J V[[0xDP A O, P|| dxdy.
S3 E;3

Now,
0x® A0, ®=(1,0,0) A (0,1,0) = (0,0, 1),

o)

X = pcosb,

V2y = psing, 1 1 re 1 (! 27

yd0'3=J‘ ydxdyzj ydxdy = —J —psinf pdpdf = —J‘ pz(J sin9d9) dp =0.
J‘s3 Es x242y2<1 V2 Jpr<t V2 2 Jo 0
———
=0

Finally, by the divergence thm (applied here on domain D), we have
> > . eyl 1 3
J Fofiydory = J div F drdydz = J (42-3y) dudydz “/“P" Y coords J (4z _ 2 psin e) p dpdzdo.
ob b b V2 Jpr<z V2

As above, the second term vanishes, thus we need just to compute

z=1

RE 1/pl 12 1 x
I zp dpd@dz = 27TJ (I pzdz) dp=2ﬂj p[—] deHJ p—pddp==.
pr<z<l 0 \Jp2 0 2] 0 3

Conclusion:
4

3

The other component can be computed by difference. O

J ﬁ~ﬁed0'2=—
N
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Exercise 16. To compute the area of the surface, we first need a parametrization of S. Since

S:={(x,y,2) eR’ : Z=x2+2y2,0<z< 1}

2

we can use the standard “graph parametrization”, z = f(x, y) := x> +2y?, definedon E := {(x,y) : 0 < x>+2y? <

1}. Then

02(8) = [ NTHIVP dxdy = [ s 0 VT 10 AP drdy = [, oy VT+AG2 +4y%) didy

X = pcosé,
\/Zy = psinf,

= % Ip2<1 V1 +4p2p dpd

RF 57 (1 . soeml | n e
= 2 [,(1+4p) Ppdp = 2 [(1+4p7) ) = 2= (57 -1). D

Exercise 17. i) The general integral is
y(1) = ciwi (1) + cowa(2) +u(?),

where (wy, w;) is a fundamental system of solutions for the homogeneous equation y” — 2y’ +y = 0 and u is a
particular solution of the equation. The characteristic equation is

P -21+41=0, &= (A-1°=0, & A5=1.

Therefore, the fundamental system of solutions is w1 = e’, wy = te’. To compute the particular solution u we apply
the Lagrange formula
u(r) = (— J o dt) Wi+ (J ot dt) wa,

wip wp e te
W = det = det = (r+ 1)e* —te? = ¥,
wi o ow) el (t+1)e

where W is the wronskian

and f = f(t) = e*'. Thus

t t t
u(t) = (—J %ezt dt) el + (J L o dt) (te') = - (te’ - J e’ dt) e +e'te! = .
e2t et

Conclusion: the general integral is

2t

y(t) = cre’ +cote’ + e, c1,c0 €R.

i) To solve the Cauchy problem we impose the initial conditions y(0) = 1 and y’(0) = 0 to the general integral.
First notice that

y =cre +ca(t+1)e’ +2e%,

thus
y(0) =1,

y'(0) =0,

and the solution is y(f) = —2te’ + e

ciel=1, =0,
ci1+cr+2=0
1+tc2 , 0= -2,

2t
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iii) Again, we impose the passage conditions

c1+ 1= 0, ) = 1
- )
— { — a—e2+e

cle+cre+e’=a, e

We conclude that: for every a € R there exists a unique solution to the proposed problem. O

Exercise 18. i) D is the intersection of the sphere {x> + y> + z> < 4} centred at (0, 0, 0) with radius 2, and the
region above the paraboloid z = 1 — (x? + y?). Since both sets are described through constraint that depend on
(x,y) through x? + y?, D is ivariant by rotations around the z—axis. We can start drawing the section of D on the
vz plane, that is

DN{x=0}={(0,y,2) : y*+2°<4, z>1-y*}

hence we can rotate this section around the z— axis to get D. The result is shown by the following figure:

v |y v Vv

A 4

FiGure 2. From left to right: plots of y*> + z2> < 4 and z > 1 — y2, plot of D N {x = 0}, plot of D.

ii) We have

cyl. coords.

(D) = J 1 dxdydz <" 2 o dpdodz 2nj o dpdz
D

Jp2+zz<4, z>1-p? pr+z2<4, z21-p?

To apply RF notice that

PP+2 <4 221-p, = 1-z<p*<4-7

When 1 - z < 0, that is z > 1, the inequality writes

2?2 <4, 1<z<2,
p2<4—z2, — —
0<p<V4-22, 0<p<V4-22,
while, when z < 1, the inequality writes,
1-z<4-2%, l_jﬁ<z<l,
—

Vi-z<p<V4-72 1-z<p<V4-22
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Therefore

15(D) & ar JIWJ

2

2]p= 4-2?

,ZZ
pdpdz+
B2 v

1-z 2

p=0

Va—z2 2 pVa-22 L2V 2
J‘ J pdpdz|=2r f [—] dz+J
1 Jo 1

2

1 2 2
— _2_(1- _ 2 - — ;2 -
=7 (Jlm (4 - z)) dz + L 4-z dz) n (I]m 4-z"dz+ Jﬂ z-1 dz)

3

:n(6+2\/1_—[z—] N

3 2
:ﬂ(6+m_%(1_(1—;ﬁ) )+%(1_(_1—;ﬁ) )_r)
iii) To compute the outward flux we apply the divergence theorem. We have
J F i, doy = J div F dxdydz = J 3 dxdydz = 35(D).
aD D D
To compute the component of this flux on dD N {x* + y? + z> = 4} we compute the component along dD N {z =

1 — (x?> + y?)}. The standard parametrization is
1+V13 }

O(x,y) = (x,,1 = (x> +y?), (x,y) €E = {(x,y) e 5

Let’s compute the normal 7ip. We have

-

i ok
O@AIyP=det| 1 0 —2x |=(2x,2y,1),
0 1 -2

thus
fig || (2x,2y,1)

from which we see that 7 is pointing inward for D, that is ip = —#,. Therefore

VF 111
J F-fi,doy = J det| 0,® | dxdy = J det| 1 0 -2x | dxdy= J 2x + 2y dxdy
ODN{z=1-(x2+y?)} E ayq) E 0 1 -2y E

I ds .
= J D (x +y) dxdy POl oy L — p(cos @ +sin6) dpdb
Xty < <P<

i

1413 27
= ZJ pJ (cos@+sinf) do dp=0. O
0 0

=0

Exercise 19. An immediate parametrization of S is of course
§=®(E), ®(x,y):=4-(7+2),5.2), () €E:={(2) : 2<y*+ <3}.

dz
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Then
o (S) = J‘ [|0y® A 0, P dydz.
E

Notice that

ik
@A D=det| 2y 1 0 |=(1.2y.22), = [|oy® A DD = /1 +4(2+22).
-2z 0 1
Therefore
pol. coords RF V3 2\1/2
o (S) =J 1 +4(y? +z2) dydz = J A1 +4p%p dpdf = 27TJ (1+4pH)%p dp
2<y2+22<3 2<p?<3 V2
321P=V3
2 (ea?) | —E(vE-3). o
6 o3 O




